Abstract. We introduce a notion of generalized Auslander-Reiten duality on a Hom-finite Krull-Schmidt exact category C. This duality induces the generalized Auslander-Reiten translation functors τ and τ − . They are mutually quasi-inverse equivalences between the stable categories of two full subcategories Cr and C l of C. A non-projective indecomposable object lies in the domain of τ if and only if it appears as the third term of an almost split conflation; dually, a non-injective indecomposable object lies in the domain of τ − if and only if it appears as the first term of an almost split conflation.
Introduction
Throughout k denotes a commutative artinian ring. The categories we consider are k-linear, Hom-finite, Krull-Schmidt and skeletally small.
Recall that an abelian category A is said to have enough almost split sequences provided that each non-projective indecomposable object appears as the third term of an almost split sequence, and that each non-injective indecomposable object appears as the first term of an almost split sequence. Lenzing and Zuazua proved that an Ext-finite abelian category A has enough almost split sequences if and only if it has Auslander-Reiten duality; see [8, Theorem 1.1] . We observe that the notion of Auslander-Reiten duality applies to exact categories.
Inspired by [5] , we introduce the notion of generalized Auslander-Reiten duality for an exact category C. This duality induces the generalized Auslander-Reiten translation functors τ and τ − , which are defined on the stable categories of two full subcategories C r and C l of C. Then C has Auslander-Reiten duality in the sense of [8] if and only if C l = C = C r . In general, C r and C l are not equal to C.
We prove that a non-projective indecomposable object lies in C r if and only if it appears as the third term of an almost split conflation, and that a non-injective indecomposable object lies in C l if and only if it appears as the first term of an almost split conflation; see Proposition 2.4. We prove that the generalized AuslanderReiten translation functors τ and τ − are mutually quasi-inverse equivalences between the projectively stable category of C r and the injectively stable category of C l ; see Proposition 3.4.
In Section 4, we describe the full subcategories C r and C l , and the generalized Auslander-Reiten translation functors τ and τ − in the case that C is the category of finitely presented representations of a locally finite interval-finite quiver. This description depends on the results of [3] .
Two full subcategories
Let k be a commutative artinian ring andǩ be the minimal injective cogenerator. Denote by k-mod the category of finitely generated k-modules and by D = Hom k (−,ǩ) the Matlis duality.
Let C be a k-linear exact category. Recall that an exact category is an additive category C together with a collection E of kernel-cokernel pairs (i, d) which satisfies the axioms in [7, Appendix A]; compare [10, Section 2] . Here, a kernel-cokernel pair (i, d) means a sequence of morphisms X 1 E (Z, Y ) is zero. Given two objects X and Y , we denote by P(X, Y ) the set of projectively trivial morphisms from X to Y . Then P forms an ideal of C. The projectively stable category C of C is the factor category C/P. Given a morphism f : X → Y , we denote by f its image in C. We denote by Hom C (X, Y ) = Hom C (X, Y )/P(X, Y ) the set of morphisms in C. Given an object Z, we mention that Ext 1 E (−, Z) is a contravariant functor from C to the category of k-modules. We observe that an object P becomes zero in C if and only if P is projective in C.
Dually, we denote by I(X, Y ) the set of injectively trivial morphisms from X to Y . The injectively stable category C of C is the factor category C/I. Given a morphism f : X → Y , we denote by f its image in C. We denote by Hom C (X, Y ) = Hom C (X, Y )/I(X, Y ) the set of morphisms in C. We mention that Ext 1 E (Z, −) is a functor from C to the category of k-modules. We observe that an object I becomes zero in C if and only if I is injective in C.
Recall that a morphism v : E → Y is right almost split if it is not a retraction and each f : Z → Y which is not a retraction factors through v. Dually, a morphism u : X → E is left almost split if it is not a section and each f : X → Z which is not a section factors through u. A conflation η : X u − → E v − → Y is an almost split conflation if u is left almost split and v is right almost split. Recall that an object whose endomorphism algebra is local is called strongly indecomposable. We mention that given an almost split conflation X → E → Y , the objects X and Y are strongly indecomposable; see [1, Proposition II.4.4] . We refer to [2, Chapter V] for the general properties of almost split conflations.
We observe the fact that for each non-split conflation δ : X → Y → Z, there exists some γ ∈ D Ext 
Since η is almost split, it can be obtained by a pullback of f.µ along some h : Y → N .
The proof is similar.
The following lemma is a slight modification of [8, Proposition 4.1].
Lemma 2.2. Let Y be a strongly indecomposable object in C.
which has a non-injective strongly indecomposable direct summand, then there exists an almost split conflation ending at Y .
which has a non-projective strongly indecomposable direct summand, then there exists an almost split conflation starting at Y .
. By the naturalness of φ, for each object M and each morphism f : M → Y ′ , we have
′ ) be the subset formed by non-sections. Observe that H is a k-submodule since X is strongly indecomposable. We have that
By the non-degenerated bilinear form −, − X , there exists some non-split conflation η :
We claim that u is left almost split. Indeed, we observe that u is not a section. Assume that h : X → M is not a section. Then for each g : M → Y ′ , the morphism g • h is not a section and thus lies in H. Hence we have g • h, η X = 0. Consider the non-degenerated k-bilinear map
This implies that the conflation h.η splits. In other words, the morphism h factors through u. Therefore the morphism u is left almost split. It follows from [1, Proposition II. 4.4] that η is an almost split conflation since End C (Y ) is local.
(2) The proof is similar.
From now on, we assume that the k-linear exact category is Hom-finite and KrullSchmidt. Here, the Hom-finiteness means that all the Hom k-modules are finitely generated. In this case all indecomposable objects are strongly indecomposable. Moreover, the stable categories C and C are Krull-Schmidt and thus have split idempotents.
We introduce two full subcategories of C as follows
Here, both C r and C l are additive subcategories which are closed under direct summands.
Lemma 2.3. Let X and Y be two objects in C. (2) is similar.
As a consequence of Lemmas 2.1 and 2.2, we have the following description of indecomposable objects in C r and C l . Proposition 2.4. Let Y be an indecomposable object in C.
(1) Assume that Y is non-projective. Then Y ∈ C r if and only if there exists an almost split conflation ending at Y . (2) Assume that Y is non-injective. Then Y ∈ C l if and only if there exists an almost split conflation starting at Y .
An equivalence between stable subcategories
Let C be a Hom-finite Krull-Schmidt exact category. For each Y in C r , we fix some isomorphism of functors
Then τ gives a map from the objects of C r to C. Dually, for each X in C l , we fix some isomorphism of functors
− gives a map from the objects of C l to C.
Lemma 3.1. Let X and Y be two objects in C.
(
. Then the result follows from Yoneda's lemma. The proof of (2) is similar. Lemma 3.2. Let Y be an object in C.
Proof. We only prove (1). We may assume that Y is indecomposable and nonprojective. By Lemma 2.2(1), there exists some almost split conflation
We then obtain X ∈ C l . It follows from Yoneda's lemma that τ Y ≃ X in C, and τ − X ≃ Y in C. Hence we have τ Y ∈ C l by Lemma 2.3(2). Then we have τ
Here, the first isomorphism follows from Lemma 3.1(2).
We denote by C r the image of C r under the canonical functor C → C, and by C l the image of C l under the canonical functor C → C. We will make τ into a functor from C r to C l , and τ − into a functor from C l to C r .
Here, the existence and uniqueness of τ (f ) are guaranteed by Yoneda's lemma. Then it follows that τ is a functor from C r to C l . Moreover, if f is projectively trivial, then D Ext 1 E (f, −) = 0 and thus τ (f ) = 0 in C l . Hence τ induces a functor from C r to C l which we still denote by τ .
Similarly, we have a functor
is given by the following commutative diagram
We want to show that the functors τ and τ − are mutually quasi-inverse equivalences between C r and C l .
For each Y ∈ C r , we set
Dually, for each X ∈ C l , we set
Lemma 3.3. Let θ Y and ξ X be as above.
(1) The morphism θ Y is natural in Y , and for each morphism f :
The morphism ξ X is natural in X, and for each morphism g :
Proof. (1) For each f : Y → Y ′ in C r , we have the following commutative diagram
The left square commutes by the definition of τ (f ), and the right square commutes since the isomorphism ψ τ Y is natural. By a diagram chasing, we have
. We have the following commutative diagram
The right square commutes by the definition of τ − τ (f ). By a diagram chasing, we have
We then obtain f
. It follows that θ is a natural transformation. Proof. We only prove that θ Y is an isomorphism for each Y ∈ C r . We may assume that Y is indecomposable and non-projective in C.
By the definition of θ Y , we have β = ψ τ Y,Y (θ Y ). Consider the following commutative diagram
which implies that the conflation η.θ Y is non-split. It follows that
The following lemma shows that (τ − , τ ) forms an adjoint pair, with unit ξ and counit θ; see [9, Section IV.1].
Proof. We only prove the first equality. We have the following commutative diagram 
By the above commutative diagram, we have
Definition 3.6. Let C be a Hom-finite Krull-Schmidt exact category. We call the sextuple obtained above C r , C l , φ, ψ, τ, τ − the generalized Auslander-Reiten duality on C and call the functors τ and τ − the generalized Auslander-Reiten translation functors.
We observe that the functor τ depends on φ and the functor τ − depends on ψ. Then C has Auslander-Reiten duality in the sense of [8] if and only if C l = C = C r .
Remark 3.7. Let (C, E) be a Frobenius category. Then the projectively stable category and the injectively stable category of C are the same and have a natural triangulated structure. The generalized Auslander-Reiten duality on C gives the generalized Serre duality on C in the sense of [5] . More precisely, we have (C) r = C r and (C) l = C l . Let Σ be the translation functor of C. Then the functor τ Σ : C r → C l gives the generalized Serre functor of C.
The category of finite presented representations
From now on, we let k be a field and Q = (Q 0 , Q 1 ) be a quiver. Here, Q 0 is the set of vertices and Q 1 is the set of arrows. Given an arrow α : a → b, denote by s(α) = a its source and by t(α) = b its target. A path p of length l ≥ 1 is a sequence of arrows α l · · · α 2 α 1 such that s(α i+1 ) = t(α i ) for each i = 1, 2, . . . , l − 1. We let s(p) = s(α 1 ) and t(p) = t(α l ). A left infinite path is an infinite sequence of arrows α 1 α 2 · · · α n · · · such that s(α i ) = t(α i+1 ) for each i ≥ 1. Dually, a right infinite path is an infinite sequence of arrows · · · α n · · · α 2 α 1 such that s(α i+1 ) = t(α i ) for each i ≥ 1.
Recall that a quiver Q is locally finite if for each a ∈ Q 0 , the set of arrows starting at a or ending at a is finite. A quiver Q is interval-finite if for any a, b ∈ Q 0 , the set of paths p with s(p) = a and t(p) = b is finite. We will assume that Q is locally finite and interval-finite.
A representation M of Q is locally finite dimensional if M (a) is finite dimensional for each a ∈ Q 0 , and is finite dimensional if moreover a∈Q0 M (a) is finite dimen Denote by A = kQ the path algebra of Q. 
The following lemma is contained in the proof of [3, Theorem 2.8].
The following lemma is due to [3, Theorem 2.8, Corollary 2.9 and Propositions 3.6]. Given a collection S of objects, denote by add S the category of direct summands of finite direct sums of objects in S. Denote by (C r ) P the full subcategory of C r formed by objects without nonzero projective direct summands, and by (C l ) I the full subcategory of C l formed by objects without nonzero injective direct summands. We obtain the induced functors D Tr : (C r ) P → (C l ) I and Tr D : (C l ) I → (C r ) P . Since C is hereditary and has enough projectives, the canonical functor (C r ) P → C r is an equivalence. By Lemma 4.3, the canonical functor (C l ) I → C l is an equivalence. Then we have the induced functors D Tr : C r → C l and Tr D : C l → C r .
Proof. We observe that Tr P = 0 for each projective object P . Then the first equality follows from Proposition 2.4(1) and Lemma 4.2(1) and (3). The second equality follows from Proposition 2.4(2) and Lemma 4.2(2) and (3).
Let X ∈ C. By 
